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H. Pfeuffer [.I Number Theory 11 (1979), 188-1961 showed that totally positive 
quadratic forms with three or more variables and class number h = 1 exist only in 
a finite number of algebraic number fields. For even unimodular lattices, we ahead 
know that h= 1 when the rank n=4 and fields F= Q(J~). Q(d). or Q( / 13) 
(see [P. J. Costello and J. S. Hsia, Adu. in Math. 64 (1987), 241-278; J. S. Hsia and 
D. C. Hung, Math. Ann. 283 (1989), 367-374; Y. Kitaoka, Nagoya Math. J. 66 
(1977), 89-98; H. Maass, Math. Ann. 118 (1941), 65-84; I. Takada, Math. Japan. 30 
(1985), 4234331). In this paper we show that the class number of any even 
unimodular lattice of rank > 2 in a quadratic space having an orthonormal basis 
over a real quadratic field is more than one except in the three cases above. .P ,990 
Academic Press. Inc. 
1. THE GENERA OF THE UNIMODULAR LATTICES 
Let F=Q(fi) b e a real quadratic field over Q with a square-free 
integer D and o be the ring of integers in F. And let a be fi if 
D=2mod4,1+fiifD=3mod4,and(l+fi)/2ifDrlmod4.Byp 
we denote a prime ideal that divides 2 in F, or a dyadic spot on F, or the 
prime ideal of op. We assume p contains a or ord,a = 1 when D f 5 mod 8. 
And we define p to be the conjugate of p in o. 
Let V= (V, Q) be a totally positive definite quadratic space over F, and 
B be the corresponding bilinear form. For a lattice L in V, gen L and nL 
denote the genus containing L and the norm of L, respectively, and for a 
lattice L in V,, gL denotes the norm group of L (cf. [7]). 
PROPOSITION 1. Any unimodular lattice L on Vfalls into one genus in the 
following table: 
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(i) If Dr2 or 3mod4: 
gen L W 0 0’ P E 
nL 0 0 P 20 
g-G OP 0;+20, (1+4:,+2z, p 20, 
(ii) ZfDrlmod8: 
gen L 0 P P E 
nL 0 P 8 20 
gL, op P op 20, 
gL, op op p 20, 
(iii) ZfDz5mod8: 
gen L 0 E 
nL 0 20 
gL, op 20, 
Proof. If D f 5 mod 8, then it can be proved in the same way as in the 
proof of Proposition 5 in [9]. When D z 5 mod 8, nL must be 20 or o. If 
nL = o, we have gL, = aos + p with a unit a in 0,. From the perfectness of 
the field 0,/p, we get 0: + p z~ 0,. Hence we obtain gL, = 0,. 
All unimodular lattices L satisfying nL = 20 fall into the same genus 
denoted by the symbol E in the above table. These lattices are called even 
lattices. From now on we treat only even lattices, and we assume that V 
has an orthonormal basis {ei, . . . . e, } over F and V= FL. Hence the 
discriminant of L must be 1. 
This assumption is not a strong restriction, because when D f 1 mod 8 
the same argument as that in [9, Sect. l] gives us the following: For the 
space V spanned by a unimodular lattice over F, without loss of generality 
we can assume that V has a basis el, ..,, e, satisfying Q(e,) = ... = 
Q(e,,- 1) = 1 and Q(e,) = 1 or sO, and in particular Q(e,) = 1 if NF,osO = 
- 1, where sO is the fundamental unit of o. 
LEMMA 1. Let q be a dyadic spot on F, namely, q = p or 0, and ( , ) be 
the Hilbert symbol in F,. Ij” D f 3 mod 4, then 3 and - 1 are not squares in 
F,. Moreover, if D s 1 mod 8, then - 3 is not a square in F, and 
(-1, -l)= -1. 
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Proof. We denote by u, the group of units in F,. Then we can take a 
representative set of u,/ui as follows: 
{k+hlk= 1, 5, I=O, 1,2, 3) if D $1 mod 4,, 
{k+2Zc(Ik= 1,3,1=0, 1,2, 3) if Dz5mod8, 
(fl, +3) if DGlmod8. 
To prove this we note that a representative set of u,/ui is regarded as a 
subset of (u9 n o)/4q and its order is 2(Nq)Ord2 (see 63: 1 and 63 :9 in [7]), 
where Nq is the norm of q and ord 2 = ord,2. If D $1 mod 4, we can take 
a representative set of (us n 0)/4q: 
(k+Zalk= 1, 3, 5, 7, I=O, 1,2, 3). 
And for k = 3,7 we have 
(k+Ia)(l+a)‘=k’+l’a mod 4q, 
where k’ = 1 or 5 and 1’ = 0, 1,2, or 3. Then we can take the above repre- 
sentative set of u,/ui whose order is 8 = 2(Nq)Ord2. The same argument is 
applicable for the case D E 1 mod 4. Moreover, from the above calculation, 
we have 3=1+2~ and -1=5+2a in u,/ui if Dr2mod4, and -1=3 
in “p/u: if D z 5 mod 8. Hence we have finished the proof of the first half. 
Finally, assume D z 1 mod 8. From 63 :2 and 63 : 11 in [7], the quad- 
raticdefectof-3is4o,.Sowehave(71,-3)=-1and(&,-3)=1forany 
E in uq, where rt is a prime element of F,. Hence (z, - 1) = - (rc, 3) and 
(E, -l)=(s, 3) for any EEU,. If (-1, -l)=l, then we have (&3)= 1 for 
any 4 in F, or (r, - 1) = 1 for any 4 in F,, which contradicts 63 : 13 in [7]. 
Hence (-1, -l)= -1. 
PROPOSITION 2. Let L be an even unimodular lattice on V and 
n=rankL. ThennisevenifD=3mod4,nrOmod8ifDrlmod8,and 
n 3 0 mod 4 otherwise. 
Proof. We let A(cc, /I) stand for the matrix (;i). Then by 93 
and 93 : 18 in [7] we have 
:ll, 93:15, 
L,= (A(O,O))I~~~I(A(O,O))I(M), 
where M is A(0, 0) or A(2,2) and q is a dyadic spot on F. The discriminant 
of the right-hand lattice is (- l)n’2 or - 3( - 1)“’ according to whether M 
is A(O,O) or not. Since the discriminant of L, is 1, by Lemma 1, we can 
deduce n E 0 mod 4 if D f 3 mod 4. Furthermore, if D = 1 mod 8 there is no 
possibility that M = A( 2, 2). By Lemma 1 a computation of Hasse symbols 
over F, shows that n z 0 mod 8 if D = 1 mod 8. 
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2. THE CONSTRUCTION OF SOME UNIMODULAR LATTICES 
Let a be a non-zero ideal of o and L be a unimodular lattice on V. For 
x E a- ‘L such that Q(x) E o, we put 
L(x)=ox+{zEL;B(x,z)EO}, 
which is called an a-adjacent lattice to L (cf. [4]). With this notation we 
define the following lattices: 
Let I, = oe, + ..a + oe,. When n is even, we define 
K,,=Z,, t(el+ ... +e,) 
> 
[D$l mod41 
and 
KA=Z,, z((l+a)e,+e,+ ... +e,) 
> 
[D f 1 mod 41. 
When n E 0 mod 4, m is even and 0 <m < n, we define 
JL=K ;(el + . . e + e,) + e, 
> 
[D f 1 mod 41, 
N, = Z, i (e, + ... +e,) , 
and 
N:,=Z, f((l+2a)e,+e,+ ... +e,) . 
> 
By Lemma 1 in [6], all of the above lattices are unimodular. From the 
definition we can see the following assertion immediately. 
PROPOSITION 3. The following lattices are even. 
K if nEOmod4, 
KI, if n=2mod4andD=3mod4, 
K n,m if n~Omod4,m~2mod4,andD=2mod4, 
Nil if n=Omod8, 
Nil if nsOmod4andD=n+l mod8. 
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By the same method as that in the proof of Proposition 11 in [9], we 
obtain 
LEMMA 2. K,, Kk, N,, and Ni are indecomposable except for K2 and 
N,. 
For x E I’, s is called a 2-uector if Q(x) = 2. And for a lattice L in I’, r(L) 
denotes the number of 2-vectors contained in L. Then we have 
LEMMA 3. (1) Suppose D f 1 mod 4 and D # 2; then 
r( K,,) = 2n(n - 1 ), 
r( KL) = 2n(n - 1) if D#3, 
r(K,,,) = 2n(n - 1) - 4m(n -m). 
(2) Suppose D E 1 mod 4 and D # 5; then 
r( N8) = 240 and r(Nh) = 2n(n - 1). 
Proof: If D #2, 5, then the 2-vectors contained in iZn are given as 
follows: 
(i) r!zej,lei,, f(+ei,+ ... +ei8), $(+ei,+ ... +e,)+e- 
(ii) $(+ei, zk ... f ei, k &e,), 4(+ei, 5 ei2 + de,:‘* de,>), 
(+ei+fiej)zkek , +we,+(l-w)e,ifD=3, 
(iii) $(+ei,*ei,+,/Zej) if D=6, 
(iv) i(+-e,ffiej) if D=7, 
(v) $+e;+oe,+(l--o)e,) if D= 13, 
where CO = (1 + fi)/2 and each set of the above indexes runs any com- 
bination in { 1, . . . . n}. Since all lattices in this lemma are contained in iZn, 
the 2-vectors belonging to them are chosen in the above tables (i)-(v). 
Now if v is a 2-vector in a unimodular lattice L(x), then we must have 
B(o, x) E o. From this fact and the definition of our lattices, we can see that 
the set R(L) consisting of all 2-vectors in each lattice L is as follows: 
When Dfl mod4 and D#2, 
R(K,)={+ei,+_e,)l~i,<i,~nn), 
R(KL)= { +ei,+ej,I 1 <i, <i,<n} if D#3, 
WK,,,,) = { +ej, + e, ( 1 < i, < i, < m or m < i, < i1 <n}, 
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and when D=l mod4 and D#5, 
R(N,)={+e,fe,(l~i,<i,~8} 
u (4(&e,+ .*a + e8) 1 the sum of the coefficients is even}, 
R(NL)= { +ej,+ei,l 1 <i, <i,Gn}. 
Hence we can find r(L) immediately. 
3. SUMMARY 
THEOREM. Let VE ( 1 )I . . . I ( 1) be a quadratic space over a real 
quadratic field Q(a). Suppose n = dim V> 2. Then the class number of an 
even unimodular lattice on V is one if and only if D = 2,5, or 13 and n = 4. 
Proof: Since the class number h of an even unimodular lattice is a 
monotone increasing function of n for fixed F [7, 105 : 11, by Proposition 2, 
it is sufficient to prove h > 1 only for the cases n = 8 with D = 1 mod 8 and 
n = 4 with D f 1 mod 8, and not for the three cases given in the beginning. 
(i) Suppose D z 2 mod 4 and D # 2. By Lemma 3 we have 
r(K4)=24 and r(K4,2) = 8. And these lattices are even by Proposition 3. 
Hence h> 1. 
(ii) Suppose D 5 3 mod 4. We have K4 is indecomposable but 
K; I K; is not. And these lattices are even. Hence h > 1. 
(iii) Suppose D - 1 mod 8. By Lemma 3 we have r(Ns) =240 and 
r(Nk) = 112. Hence h > 1. 
(iv) Suppose D = 5 mod 8 and D > 13. Let w  = (t + fi)/2 and E be 
a rational integer satisfying E E - t mod 4, where t = 3 or 1 if D = 5 mod 16 
or not, respectively. Consider the vector x = $(e, + oe2 + (1 + EO) e3). Then 
Q(x)E~o, hence N,(x) is an even lattice. And B(x, -+ei, +e,,)$o for any 
i,,i,E {l,..., 4}, il#i2. Hence from the proof of Lemma 3 we have 
r(Nl,(x)) = 0 < r(N&) viz. h > 1. 
(v) Suppose D = 2,5. In [l, 5,9], it has already been proved that 
h = 1 if and only if n = 4. 
(vi) Suppose D= 13. We have that N, is indecomposable but 
N& I Ni is not. And these lattices are even. Hence h > 1 if n = 8. On the 
other hand, the theorem in [3] tells us that h = 1 if n = 4. 
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